Abstract. In this paper we will give a unified proof of several results on the sovability of systems of certain equations over finite fields, which were recently obtained by Fourier analytic methods. Roughly speaking, we show that almost all systems of norm, bilinear or quadratic equations over finite fields are solvable in any large subset of vector spaces over finite fields.
Introduction
The main purpose of this paper is to give a unified proof of several results on the solvability of systems of certain equations over finite fields, which were recently obtained by Fourier analytic methods. We will see that after appropriate graph theoretic results are developed, many old and new results immediately follows. In this section, we discuss the motivation and background results for our work.
Let F q denote a finite field with q elements, where q, a power of an odd prime, is viewed as an asymptotic parameter. For E F d q (d 2), the finite analogue of the classical Erdős distance problem is to determine the smallest possible cardinality of the set
The first non-trivial result on the Erdős distance problem in vector spaces over finite fields is due to Bourgain, Katz, and Tao ( [9] ), who showed that if q is a prime, q Á 3 (mod 4), then for every " > 0 and E F 2 q with jEj Ä C " q 2 , there exists ı > 0 such that j.E/j C ı q 1 2 Cı for some constants C " ; C ı . The relationship between " and ı in their arguments, however, is difficult to determine. In addition, it is quite subtle to go up to higher dimensional cases with these arguments. Iosevich and Rudnev ( [19] ) used Fourier analytic methods to show that there are absolute constants c 1 ; c 2 > 0 such that for any odd prime power q and any set E Iosevich and Rudnev reformulated the question in analogy with the Falconer distance problem: how large does E F d q , d 2, needed to be ensure that .E/ contains a positive proportion of the elements of F q . The above result implies that if jEj 2q d C1 2 , then .E/ D F q directly in line with Falconer's result in Euclidean setting that for a set E with Hausdorff dimension greater than .d C 1/=2 the distance set is of positive measure. At first, it seemed reasonable that the exponent .d C 1/=2 may be improvable, in line with the Falconer distance conjecture described above. However, Hart, Iosevich, Koh and Rudnev discovered in [12] that the arithmetic of the problem makes the exponent .d C 1/=2 best possible in odd dimensions, at least in general fields. In even dimensions it is still possible that the correct exponent is d=2, in analogy with the Euclidean case. In [10] , Chapman et al. took a first step in this direction by showing that if a set E F 2 q satisfies jEj q 4=3 , then j.E/j cq. This is in line with Wolff's result for the Falconer conjecture in the plane which says that the Lebesgue measure of the set of distances determined by a subset of the plane of Hausdorff dimension greater than 4=3 is positive.
In [30] , the author gave another proof of (1.1) using the graph theoretic method (see also [37] for a similar proof). The (common) main step of these proofs is to estimate the number of occurrences of a fixed distance. It was shown that for a fixed distance, given that the point set is large, the number of occurrences of any fixed distance is close to the expected number. This implies that there are many distinct distances occur in a large point set. In the case of real number field, most of the known results, however, are actually proved in a stronger form. In order to show that there are at least g.n/ distinct distances determined by an n-point set in the plane, one usually proves that for any n-point set P , there exists a point p 2 P that determines at least g.n/ distinct distances to P . Chapman et al. ( [10] ) obtained an analogous result in the finite field setting. They also proved a similar result for the pinned dot product sets … y .E/ D ¹x y W x 2 Eº. In this paper, we will derive these results using spectral graph methods.
A classical result due to Furstenberg, Katznelson and Weiss ( [13] ) states that if E R 2 of positive upper Lebesgue density, then for any ı > 0, the ı-neighborhood of E contains a congruent copy of a sufficiently large dilate of every threepoint configuration. An example of Bourgain ([7] ) showed that it is not possible to replace the thickened set E ı by E for arbitrary three-point configurations. In the case of k-simplex, that is the k C 1 points spanning a k-dimensional subspace, Bourgain ([7] ), using Fourier analytic techniques, showed that a set E of positive upper Lebesgue density always contains a sufficiently large dilate of every nondegenerate k-point configuration where k < d . In the case k D d , the problem still remains open. Using Fourier analytic method, Akos Magyar ( [23, 24] ) considered this problem over the integer lattice Z d . He showed that a set of positive density will contain a congruent copy of every large dilate of a non-degenerate k-simplex where d > 2k C 4.
Hart and Iosevich ([18] ) made the first investigation in an analog of this question in finite field geometries. Let P k denote a k-simplex. Given another k-simplex P 0 k , we say Hart and Iosevich ([18] ) observed that one may specify a simplex by the distances determined by its vertices. They showed that if
, then E contains a congruent copy of every k-simplices (with the exception of simplices with zero distances). Using graph theoretic method, the author ( [35] ) showed that the same result holds for d 2k and
Ck . Here, and throughout, X . Y means that there exists C > 0 such that X Ä C Y , and X Y means that X D o.Y /. Note that serious difficulties arise when the size of simplex is sufficiently large with respect to the ambient dimension. Even in the case of triangles, the result in [35] is only non-trivial for d 4. Covert, Hart, Iosevich, and Uriarte-Tuero ( [11] ) addressed the case of triangles in plane over finite fields. They showed that if E has density for some C q 1=2 Ä Ä 1 with a sufficiently large constant C > 0, then the set of triangles determined by E, up to congruence, has density c . In [36] , the author studied the remaining case: triangles in three-dimensional vector spaces over finite fields. Using a combination of graph theory method and Fourier analytic techniques, the author showed that if
2 , the set of triangles, up to congruence, has density greater than c. Using Fourier analytic techniques, Chapman et al. ( [10] ) extended this result to higher dimensional cases. More precisely, they showed that if jEj & q
, then the set of k-simplices, up to congruence, has density greater than c. They also obtained a stronger result when E is a subset of the d -dimensional unit sphere
In particular, it was proven ([10, Theorem 2.15]) that if E S d of cardinality
, then E contains a congruent copy of a positive proportion of all k-simplices. In this paper, we will obtain similar results in a more general setting. Let Q be a non-degenerate quadratic form on F d q . The Q-distance between two points x; y 2 F d q is defined by Q.x y). We consider the system L of A related question that has recently received attention is the following. Letting A F q , how large does A need to be to ensure that In this paper, we will give another proof of this result using spectral graph methods.
In analogy with the study of simplices in vector spaces over finite fields, the author ( [31] ) studied the sovability of systems of bilinear equations over finite fields. More precisely, for any non-degenerate bilinear form B. ; / in F d q , we consider the following system of l Ä over F d q , with variables from an arbitrary set E F d q . Using character sum machinery and methods from graph theory, the author ( [31] ) showed that if each variable in the system (1.3) appears in at most t Ä k 1 equations and jEj q d 1 2 Ct , then for any ij 2 F q , the system (1.3) has .1 C o.1//q l jEj k solutions. Again, serious difficulties arise when the number of equations that each variable involves is sufficiently large with respect to the ambient dimension. In particular, that result is only non-trivial in the range of d 2t. In the case of three variables and three equations, the author also proved ( [31 
We remark here that one can also obtain this result using Fourier analytic methods (for example, using [10, Theorem 2.14] instead of [10, Theorem 2.12] in the proof of [10, Theorem 2.13]). However, techniques involved in difference problems are considerable in Fourier analytic proofs. The main advantage of our approach is that we can obtain all the aforementioned results at once, after computing the eigenvalues of appropriate graphs. We will also demonstrate our method by some related results on norm equations and sum-product equations over finite fields. . Let H be a fixed graph with r edges, s vertices, and maximum degree , and let G D .V; E/ be an .n; d; /-graph where d Ä 0:9n. Let m < n satisfy m .n=d / . Then, for every subset V 0 V of cardinality m, the number of (not necessarily induced) copies of H in V 0 is
If we are only interested in the existence of one copy of H , then one can sometimes improve the conditions on d and in Theorem 2.1. The first result of this paper is an improvement of the conditions on d and in Theorem 2.1 for complete bipartite graphs. Let G G be the bipartite graph with two identical vertex parts V .G/ and V .G/. Two vertices u and v in two different parts are connected by an edge if and only if they are connected by an edge in G. For any two subsets 
In fact, our results could be stated in multi-color versions, which will be more convenient in later applications. Suppose that a graph G is edge-colored by a set of finite colors. We call G an .n; d; )-colored graph if the subgraph of G on each color is an .n; d.1 C o.1//; /-graph. The following results are multi-color analogues of Theorems 2.1, 2.2 and 2.3 for .n; d; /-colored graphs.
Theorem 2.4. Let H be a fixed edge-colored graph with r edges, s vertices, and maximum degree , and let G D .V; E/ be an .n; d; /-colored graph, where d Ä 0:9n. Let m < n satisfy m .n=d / . For every subset V 0 V of cardinality m, the number of (not necessarily induced) copies of H in V 0 is 
copies of H . The results above could also be considered as a contribution to the fast-developing comprehensive study of graph theoretical properties of .n; d; /-graphs, which has recently attracted lots of attention both in combinatorics and theoretical computer science. For a recent survey about these fascinating graphs and their properties, we refer the interested reader to the paper of Krivelevich and Sudakov ([21] ).
Norms in sum sets, pinned norms, and norm equations
Let F q be a finite field with q D p d elements. We denote by N F an algebraic closure of F q , and by F q n N F the unique extension of the degree n of F for n 1. The extension F q n =F q is a Galois extension, with Galois group G n canonically isomorphic to Z=Z n , the isomorphism being the map Z=Z n ! G n defined by 1 7 ! , where is the Frobenius automorphism of F q n given by .X/ D X q . Associated to the extension F q n =F q , the norm map
The equation N.X / D , for a fixed 2 F q , is important in number theory. Because the extension F q n =F q is separable, the equation N.X / D is always solvable with X 2 F q n for any 2 F q . We are interested in the solvability of this equation when X is in a sum set of two large subsets of F q n . More precisely, we have the following result.
For any A; B F q n , define by N.A C B/ the norm set of the sum set, i.e.
We will show that under a slightly stronger condition, one can always find many elements X 2 A such that the pinned norm set N X .B/, which is defined by
contains almost all elements in F q . Theorem 2.9. Let A; B Â F q n , n 2. Suppose that A; B satisfy jAj jBj and jAjjBj q nC2 . Then there exists a subset A 0 of A with cardinality jA 0 j & jAj such that for every X 2 A 0 , the equation
We also obtain the following results on the solvability of systems of norm equations over finite fields.
Suppose that each variable appears in at most k Ä t 1 equations, and suppose that jAj q n=2Ct 1 . Then for any ij 2 F q , the above system has
Theorem 2.11. Let A Â F q n , n 2. Consider the system (2.1) with t 2 equations. If jAj q .nCt/=2 , then that system is solvable for at least
Dot product set and system of bilinear equations
For any non-degenerate bilinear form B. ; / on F d q , define the product set of E and F with respect to B by
Hart and Iosevich ([18] ), using character sum machinery, proved the following result.
Define the pinned product set by
Chapman et al. ( [10] ) obtained the following result using Fourier analytic methods.
2, be a set of cardinality
. Then there exists a subset E 0 E of cardinality jE 0 j & jEj such that for every y 2 E 0 , one has jB y .E/j > q=2.
Note that [18, Theorem 2.1] and [10, Theorem 2.4] are stated only for the dot product, but their proofs go through for any non-degenerate bilinear form without any essential change. As a corollary of our results in Section 2.1, we will give graph theoretic proofs of Theorems 2.12 and 2.13. In fact, we will prove the following result instead of Theorem 2.13.
Note that the proof of [10, Theorem 2.14] also implies Theorem 2.14 and vice versa. We, however, relax the condition on jEj q .d C1/=2 to jEj q .d C1/=2 to simplify our arguments.
In [31] , the author studied the solvability of systems of bilinear equations over finite fields. Following the proof of [21, Theorem 4.10] , the author proved the following result. 
As a simple consequence of Theorem 2.7 and the construction of product graph in Section 8, we show that under a weaker condition, say jAj q .nCt 1/=2 , the system (2.2) is solvable for almost all possible choices of parameters ij 2 F . Then the above system is solvable for
Sum-product equations
In [28] , Sárközy proved that if A; B; C ; D are "large" subsets of Z p , more precisely, jAjjBjjCjjDj p 3 , then the sum-product equation
can be solved with a 2 A; b 2 B; c 2 C and d 2 D. Gyarmati and Sárközy [17] generalized this result on the solvability of equation (2.4) to finite fields. They also studied the solvability of other (higher degree) algebraic equations with solutions restricted to "large" subsets of F q . Using bounds of multiplicative character sums, Shparlinski [27] extended the class of sets which satisfy this property. Furthermore, Garaev [14] considered the equation (2.4) over special sets A; B; C; D to obtain some results on the sum-product problem in finite fields. More precisely, he proved the following theorem.
Theorem 2.17 ([14]).
For any A Â F q , we have
which implies that jA C AjjA Aj min
When one of sum or product sets is small, we have an immediate corollary.
Corollary 2.18. Suppose that A F q and min.jA C Aj; jA Aj/ Ä C jAj for an absolute constant C > 0.
(ii) If jAj q 2=3 , then max.jA C Aj; jA Aj/ jAj 3 =q.
In [32] , the author reproved Theorem 2.17 using standard tools from spectral graph theory. Solymosi gave a similar proof in [29] . We will use the same idea to study the solvability of sum-bilinear equation 
is solvable for any 2 F q .
As an easy corollary of Theorem 2.19, we have the following sum-product estimate, which can be viewed as an extension of Theorem 2.17.
We have
which implies that (ii) Suppose that jA C Aj Ä C jAj for an absolute constant C > 0 and
Then we have jA Aj jAj.q=jAj/ 1=d .
Using the machinery developed in this paper, we also can study systems of sum-product equations over finite fields. More precisely, we have the following result.
with .
Then the number of solutions of the system (2.5) is close to the expected number
In addition, if jEj q .d Ct/=2 , then the system (2.5) is solvable for .1 o.1//q .
Pinned distances and systems of quadratic equations
Let Q. / be a non-degenerate quadratic form on F d q . Given any y 2 F d q and any subset E F d q , define the pinned distance set by
Chapman et al. [10] obtained the following result using Fourier analysis method.
2 . There exists a subset E 0 of E with jE 0 j & jEj such that for every y 2 E, one has
As a corollary of our graph theoretic results, we will present another proof of Theorem 2.23. In fact, we will prove a more general result.
Theorem 2.24. Let Q be any non-degenerate quadratic form on
to simplify the argument in the proof.
Next we will prove the following result on the solvability of system of quadratic equations (or equivalently, the existence of the simplices over finite fields). We obtain a stronger result when E is a subset of the d -dimensional Q-sphere 
Properties of pseudo-random graphs
We shall recall some results on the distribution of edges in .n; d; /-graphs. For two (not necessarily) disjoint subsets of vertices U; W V , let e.U; W / be the number of ordered pairs .u; w/ such that u
We first recall the following two well-known facts (see, for example, [4] ). 
The following result is an easy corollary of Theorem 3.1. In what follows, we also need a similar result for number of paths of length two in .n; d; /-graphs. 
Proof. It follows from Theorem 3.1 that
which implies thať
From Corollary 3.2, we havě
Putting (3.2) and (3.3) together, we havě
completing the proof of the lemma. When S y 1 ;:::;y k .U 1 / 1, we say that the base .y 1 ; : : : ; y k / is extendable to k-stars with roots in U 1 . In order to make our inductive argument work, we will need the following definition.
Definition 4.1. Let f , g, h be any three functions on the same variables. We say that 
3)
The lemma follows immediately from (4.2), (4.3) and the additivity of the function Q o.
We shall now give a full proof of Theorem 2.2. Let U 1 and U 2 be any subsets of V D V .G/. For any y 1 ; : : : ; y t 2 U 2 , let 
Proof. The proof proceeds by induction on s. We first consider the base case s D 1. 
By Young's inequality,
which implies that
The base case s D 1 follows. Suppose that the claim holds for s 1 1. We show that it also holds for s. 
Putting (4.4), (4.5), (4.6) and (4.7) together, the lemma follows. 
Proof. The proof proceeds by induction. It follows from Lemma 3.3 that
By the Cauchy-Schwarz inequality,
Hence, the base case t D 1 follows. Suppose that the claim holds for t, we show that it also holds for t C 1. Note that 
Complete edge-colored subgraphs
Suppose that G D .V; E/ is an .n; d; /-colored graph. Let E r i .G/ be the set of r i -colored edges of G. 
The upper bound is trivial, and the lemma follows.
Proof of Theorem 2.7
We are now ready to give a proof of Theorem 2.7. We note that with the graph theoretic results above, the argument in the proof of [10, Theorem 2.13] works for any .n; d; /-colored graphs, and we will follow it closely. To make our inductive argument work, we will need the following definition, which is also taken from [10] . This corollary says that for any large set U U t , there exists a large subset U .t 1/ U t 1 U t 1 such that U .t 1/ jU j t 1 , and any given .t 1/-tuple .y 1 ; : : : ; y t 1 / 2 U .t 1/ is extendable to at least .1 o.1//jCj t 1 types of .t 1/-stars with roots in U.y 1 ; : : : ; y t 1 /. The rest of the proof is easy. For any U V with cardinality jU j .n=d / t=2 , we construct t sets U .t/ ; : : : ; U .1/ inductively as follows. Let U .t/ D U t D U U . Since jU j .n=d / t=2 , from Corollary 6.4, we can choose U .t 1/ U .t/ t 1 such that any .t 1/-tuple .y 1 ; : : : ; y t 1 / in U .t 1/ is extendable to at least .1 o.1//jCj t 1 types of .t 1/-stars with roots in U .t / .y 1 ; : : : ; y t 1 /. Suppose that we have constructed the sets U .t/ ; : : : ; U .i/ (i 2) such that U .j / U j for i Ä j Ä t 1, and any given j -tuple .y 1 ; : : : ; y j / in U .j / is extendable to at least .1 o.1//jCj j types of j -stars with roots in U .j C1/ .y 1 ; : : : ; y j /. Since jU j
.n=d /
t=2
.n=d / i=2 ; from Corollary 6.4 again, we can choose
such that U .i 1/ U i 1 , and any given .t 1/-tuple .y 1 ; : : : ; y t 1 / in U .i 1/ is extendable to at least .1 o.1//jCj i 1 types of .i 1/-stars with roots in U .i/ .y 1 ; : : : ; y i 1 /. Repeat the process until we have constructed
U of cardinality jU .1/ j jU j. Taking any vertex v in U .1/ , it is clear that we can extend from v to at least .1 o.1//jCj . t 2 / types of edge-colored K t in U t . This completes the proof of Theorem 2.7.
Projective norm graphs
We first recall the construction of the projective norm graphs N G q;n . / in [2] . It is possible to get a slightly better version of these ( [3] ), but this makes no essential difference for our purpose here. The construction is the following. Let n 2 be an integer and q be an odd prime power. Let F q be the finite field of q elements, and F q n be the unique extension of degree n of F q . The vertex set of the graph N G q;n . / is the set V D F q n . Two distinct vertices X and Y 2 V are adjacent if and only if N.X C Y / D , where the norm N is defined as in Section 2.2 with an extension N.0/ D 0. For any 2 F q , the equation N.X/ D has a solution, and if X 0 is a given solution, the set of solutions is in one-to-one correspondence with solutions of N.X / D 1, which by Hilbert's Theorem 90 (or by direct proof) is given by X D .Y /Y 1 D Y q 1 for some Y 2 F q n (see [20] for more details). Hence, all projective norm graphs N G q;n . / ( 2 F q ) are isomorphic. It follows immediately from the definition that N G q;n .1/ is a regular graph of order q n and valency .q n 1/=.q 1/. The eigenvalues of this graph is not hard to compute. We present here only a sketch of the proof, which follows the presentation of [2] . Let A be the adjacency matrix of N G q;n . /. The rows and columns of this matrix are indexed by the ordered pairs of the set F q n . Let be a character of the additive group of F q n . One can check (see [2] ) that is an eigenvector of A 2 with eigenvalue j P N.c/D1 .c/j 2 and all eigenvalues of A 2 are of this form. The trivial character is corespondent to the large eigenvalue .q t 1/=.q 1/ of A. The others can be estimated using Weil's bound on the character sum (see [26, Theorem 2E (i) ]), and the fact that all solutions of N.X / D 1 are all given by
.c/ˇDˇ1 q 1
Therefore, we have the following result.
Lemma 7.1. For any n 2 and 2 F q , the projective norm graph N G q;n . / is a .q n ;
q n 1 q 1 ; q n=2 /-graph. Hence we have e .A; B/ > 0 if jAjjBj q nC2 . This completes the proof of Theorem 2.8. Next, we consider the graph G on the vertex set F q n . Two distinct vertices X and Y are connected by an -colored edge if and only if N.X CY / D . Note that we only use .q 1/ colors 2 F q . From Lemma 7.1 it follows that the graph G is a .q n ; q n 1 ; q n=2 /-colored graph with .q 1/ colors. Theorem 2.10 and Theorem 2.11 now follow immediately from Theorem 2.4 and Theorem 2.7. Finally, it follows from Lemma 6.1 that [1] ). We will now study the product graph when 2 F . 
where J is the all-one matrix, I is the identity matrix, and E is the adjacency matrix of the graph B E , where for any two vertices a; b 2 V . Let v Â denote the corresponding eigenvector of Â.
Hence, v Â is also an eigenvector of E. Since all eigenvalues of E is bounded by q 1, we have
The lemma follows.
Similarly as in the previous section, Theorems 2.12, 2.14, and 2.16 follow immediately from Corollary 3.2, Lemma 6.1, Theorem 2.7, and Lemma 8.1.
Sum-product graphs
For any non-degenerate bilinear form B. ; / on F d q and for any 2 F q , the sumproduct graph SB q;d . / is defined as follows. The vertex set of the sum-product graph
Two Lemma 9.1. For any d 1 and any 2 F , the sum-product graph, 
where J is the all-one matrix, I is the identity matrix, and E is the adjacency matrix of the graph B E , where for any two vertices 
Hence, v Â is also an eigenvector of E. Since B E is a regular graph of order q 1, the absolute value of any eigenvalue of E is at most q 1. This implies that
The lemma follows. 
. Let e.E A ; F A / be the number of edges of G q;d between E A and F A . It follows from Theorem 2.20 and Lemma 9.1 that
There is an edge between any two vertices . was first investigated by Medrano et al. [25] , who proved that E q .d; Q; / are asymptotically Ramanujan for any ¤ 0. Bannai, Shimabukuro and Tanaka [6] extended this result to arbitrary non-degenerate quadratic form Q using the character tables of association schemes of affine type ( [22] 
Finite non-Euclidean graphs -Proof of Theorem 2.26
Let Q be a non-degenerate quadratic form on F d q . For each element x 2 S d .Q/, we denote the pair of antipodes on S d .Q/ containing x by OEx. Let be the set of pairs of antipodes on the unit Q-sphere (or equivalently, the lines through them). For a fixed 2 F q , the finite non-Euclidean graph P q;d . / has the vertex set and the edge set
We will see that our graphs are the same as the ones of Bannai, Hao, and Song in [5] , and of Bannai, Shimabukuro, and Tanaka in [6] . Note that can also be viewed as the set of all square-type non-isotropic onedimensional subspaces of F d q with respect to the quadratic form Q. 
, and
where is a generator of the field F q (see [ Suppose that G is a graph with the vertex set , and the edge set is colored by Our approach and the Fourier methods in [10] are basically both based on the above incidence bounds. In a future paper, we will discuss the connection of these two methods in more detail.
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